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Abstract
In this work, we report the enhanced stability of induced synchronization ob-
served through transient uncoupling in a class of unidirectionally coupled iden-
tical chaotic systems. The phenomenon of transient uncoupling implies the
clipping of the chaotic attractor of the driven system in a drive-driven scenario
and making the coupling strength active over the clipped regions. The Master
Stability Function (MSF) is used to determine the stability of the synchronized
states for a finite clipping fraction in unidirectionally coupled chaotic systems
subjected to transient uncoupling for fixed values of coupling strength. The ef-
fectiveness of transient uncoupling is observed through the existence of negative
regions in the MSF spectrum for larger values of coupling strength. Further
the two-parameter bifurcation diagram indicating the regions of stable synchro-
nization for different values of clipping fraction and coupling strength has been
obtained. The effect of the symmetry of chaotic attractors in enhancing the sta-
bility of synchronized states of coupled chaotic systems subjected to transient
uncoupling is studied.
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1. INTRODUCTION
Synchronization is the dynamical process observed in weakly coupled chaotic
systems [1, 2]. The phenomenon of chaos synchronization has been studied ex-
tensively in a variety of dynamical systems for a better understanding on its
emergence and existence [3, 4, 5, 6, 7]. The synchronization of two identi-5
cal chaotic systems paves way for the transmission of signals and the coupled
systems must necessarily exist in stable synchronized states for greater values
of coupling strength which is most useful for practical applications of secure
transformation of signals. Further, a greater symmetry (in size) of the chaotic
attractor can effectively mask a large input signal in circuits [8, 9]. Obtaining a10
greater symmetry of the attractor through an increase in the break-point of the
voltage− current (v − i) characteristics of the nonlinear element paves way to
impose larger clipping on the phase-space of the attractors and thereby enhances
the possibility of stable synchronization. The existence of similar dynamics of
the drive and driven systems systems in the synchronization manifold has been15
indicated by the negative values of the Master Stability Function (MSF) [10].
Hence, the MSF of the coupled systems has been expected to be in the negative
value regions for higher coupling strengths. The method of transient uncoupling
induced synchronization was introduced by Schroder et al. [11] and proved to
be an efficient method to enhance the stability of stable synchronized states in20
unidirectionally coupled chaotic systems [12]. Enhancing the stability of syn-
chronized states in coupled chaotic systems becomes necessary in understanding
the collective dynamics of these systems in networks [13]. However, only very
few research work has been published in this thrust research area. In this pa-
per we present the enhanced stable induced synchronization states observed25
through transient uncoupling in some prominent chaotic systems. This paper
has been divided into two sections. In Section 2 the method of transient uncou-
pling is discussed in brief and in Section 3, the enhancement of synchronization
2
observed in coupled chaotic systems with attractors of different symmetry has
been presented.30
2. Transient Uncoupling
In this section, we present the fundamental equations related to the Master
Stability Function (MSF) and the method of transient uncoupling . The systems
under consideration are unidirectionally coupled and hence the dynamics of
the drive system is not affected with the change in the coupling parameter.
When the drive and response systems are uncoupled, the isolated drive system
is described by
x˙ = F(x) (1)
where, x is a d-dimensional vector and F(x) is the velocity field. On introducing
the concept of transient uncoupling, the response/driven system can be written
as
x˙2 = F(x2) + χAG⊗E (2)
where G is an N ×N matrix of coupling coefficients, E is an n×n matrix con-
taining the information of the variables coupled and χA represents the transient
uncoupling factor given as
χA =
1 if x2 ∈ A0 if x2 /∈ A (3)
where, A is a region of phase space of the response system such that A ⊆ Rd in
which the response system is controlled by the drive and the coupling is active.
Hence, the coupling between the two systems is active only when A is a subset
of the phase space Rd of the response system and the coupling becomes normal
for A = Rd. The subset A has been obtained by clipping a fraction of the phase
space of the response system along a particular direction of the state variables
given as
A∆ = {x2 ∈ Rd : |x2 − x∗2| ≤ ∆} (4)
3
where x2
∗ is a suitable point considered along the coordinate axis of the state
variable x. The variational equation of Eq. (2) is given by,
ξ˙ = [IN ⊗DF+ χA(G⊗E)]ξ (5)
where IN is an N × N identity matrix, DF is the Jacobian of the uncoupled
system and ⊗ represents the inner or Kronecker product. Hence, the coupling
between the state variables is effective only on the existence of the response
system within the clipped region. On diagonalization of the matrix G, Eq. 5
can be written as,
ξ˙k = [DF+ δγkE)]ξk, (6)
where δ = χA and γk are the eigenvalues of G with k = 0 or 1. In general, the
quantity δγk are generally complex numbers which can be written in the form
δγk = α+ iβ. Hence, the general dynamical sytem is
ξ˙k = [DF+ (α+ iβ)E)]ξk, (7)
The largest lyapunov exponent λ⊥max of the generic variational equation in the
transverse direction given by Eq. 7 depending on α and β values, is the master
stability function [10, 14]. The typical forms of the coupling matrix G and E
are given as
G =
−1 1
0 0
 , E =

1 0 0
0 0 0
0 0 0
 .
3. Results and Discussion
In this section we present the synchronization dynamics observed through
transient uncoupling in different chaotic systems. The unidirectionally coupled
Chua’s circuit systems is studied for the synchronization of identical chaotic35
attractors having two different symmetry followed by a study of the coupled
Rossler systems.
4
3.1. Chua’s circuit system
In this section we discuss the effect of transient uncoupling induced syn-
chronization observed in a third-order, autonomous system namely, the Chua’s40
circuit system. The Chua’s circuit has been identified as the first electronic
circuit system to exhibit chaotic behavior in its dynamics [15, 16, 17]. The nor-
malized state equations of the unidirectionally coupled system under coupling
of the z-variables subjected to transient uncoupling can be written as
x˙1 = α(y1 − x1 + f(x1)), (8a)
y˙1 = x1 − y1 + z1, (8b)
z˙1 = −βy1 − γz1, (8c)
x˙2 = α(y2 − x2 + f(x2)), (8d)
y˙2 = x2 − y2 + z2, (8e)
z˙2 = −βy2 − γz2 + χA(z1 − z2), (8f)
where f(x1), f(x2) represent the three-segmented piecewise-linear function of
the drive and driven systems given as
f(x1,2) =

−bx1,2 + (a− b) if x1,2 > 1
−ax1,2 if |x1,2| < 1
−bx1,2 + (a− b) if x1,2 < −1
(9)
where the state variables x1, y1, z1 and x2, y2, z2 corresponds to the drive and45
the driven units, respectively. The driven system has been coupled to the drive
through the z-variable and by the transient uncoupling factor χA. The nor-
malized parameters of the system are fixed at α = 10, β = 14.87, γ = 0 and
b = −0.68. The parameter a has been kept at two different values a = −1.27
and a = −1.55 to obtain chaotic attractors of different symmetry. The Chua’s50
circuit exhibits a period-doubling route to chaos. The double-scroll chaotic at-
tractor of the Chua’s circuit systems corresponding to the drive (red) and the
driven (green) systems in the z1− y1 and z2− y2 phase planes under the uncou-
pled state ( = 0) with clipping of the phase space of the driven system along
5
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Figure 1: (Color Online) Chaotic attractors of the drive (red) and driven systems (green) in
the z1−y1 and z2−y2 planes for the Chua’s circuit system under the uncoupled state ( = 0)
with clipping of phase space of the driven system through transient uncoupling. (a) Chaotic
attractors obtained for the system parameters α = 10, β = 14.87, γ = 0, a = −1.27 and
b = −0.68; (b) Chaotic attractors obtained for the system parameters α = 10, β = 14.87, γ =
0, a = −1.55 and b = −0.68;
the z2-coordinate axis for the parameter a = −1.27 and a = −1.55 are shown55
in Fig. 1(a) and 1(b), respectively. The term 2∆ represents the clipped region
along the z-axis over which the coupling strength is active. The clipping of the
phase space of chaotic attractors of the driven system by transient uncoupling
over which the coupling between the drive and driven systems is active has been
represented by the 2∆ region in Fig. 1. The point z2
∗ has been considered as60
the center of the chaotic attractor and the clipping of phase space has been
performed to a width of ∆ along the coordinate axis (z-axis) on either side of
z2
∗, resulting in a clipping width of 2∆.
The synchronization dynamics of the system under transient uncoupling for
the parameters α = 10, β = 14.87, γ = 0, a = −1.27 and b = −0.68 is shown65
in Fig. 2. In the absence of transient uncoupling the variation of the MSF as
a function of the coupling parameter shows stable synchronized states in the
range 1.1 ≤  ≤ 4.59. Hence, the coupled system becomes unsynchronized for
coupling strengths  > 4.59 under normal coupling. Now we introduce the tran-
sient uncoupling factor in the system equations and study its synchronization70
6
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Figure 2: (Color Online) Stability of synchronization in Chua’s circuit systems for the pa-
rameters α = 10, β = 14.87, γ = 0, a = −1.27 and b = −0.68. (a) MSF of the Chua’s circuit
system obtained without transient uncoupling. The coupled system exists in stable synchro-
nized states in the region 1.1 ≤  ≤ 4.59; (b) MSF as a function of the clipping fraction ∆′
for  = 5 indicating the stable synchronized states for higher clipping fractions and unsyn-
chronized states for lower clipping fractions; (c) MSF as a function of the coupling parameter
under transient uncoupling obtained with z2∗ = 0.01 and ∆
′
= 0.8. Enhancement of stable
synchronized states represented by the larger negative valued regions of MSF in the range
0.84 ≤  ≤ 5.71; (d) Two-parameter bifurcation diagram in the ∆′ −  plane indicating the
parameter regions for stable synchronized states (gray color).
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Figure 3: (Color Online) Stability of synchronization in coupled Chua’s circuit systems for
the parameters α = 10, β = 14.87, γ = 0, a = −1.55 and b = −0.68. (a) MSF of the
Chua’s circuit system obtained without transient uncoupling. The coupled system exists
in stable synchronized states in the region 1.36 ≤  ≤ 4.25; (b) MSF as a function of the
clipping fraction ∆
′
for  = 5 indicating the stable synchronized states for higher clipping
fractions and unsynchronized states for lower clipping fractions; (c) MSF as a function of the
coupling parameter under transient uncoupling obtained with z2∗ = −0.116 and ∆′ = 0.8.
Enhancement of stable synchronized states represented by the larger negative valued regions
of MSF in the range 1.19 ≤  ≤ 5.715; (d) Two-parameter bifurcation diagram in the ∆′ − 
plane indicating the parameter regions for stable synchronized states (gray color).
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stability. The stability of the synchronized states can be analyzed for different
regions of clipping which can be expressed by the clipping fraction ∆
′
= 2∆/Ω
where, Ω is the width of the attractor along the clipping coordinate axis (z-axis).
The variation of the MSF of the coupled system under transient uncoupling as
a function of the clipping fraction with the coupling strength fixed at  = 5 is75
shown in Fig. 2(b). For ∆ = 0, the two systems are uncoupled and hence does
not synchronize and for ∆ = Ω/2, the coupling between the systems become
normal and the original unsynchronized behavior of the systems under normal
coupling is obtained. From Fig. 2(b) it is observed that the coupled systems en-
ter into stable synchronized states only for larger values of the clipping fraction80
∆
′
. Figure 2(c) showing the variation of the MSF with the coupling strength
indicates a broader stable synchronized state in the range 0.84 ≤  ≤ 5.71 for a
clipping fraction of ∆
′
= 0.8. The introduction of transient uncoupling induces
synchronization in the higher coupling strength regions for which synchroniza-
tion behavior has not been observed under normal coupling. The two-parameter85
bifurcation diagram obtained in the ∆
′−  plane showing the parameter regions
for the existence of the coupled system in the synchronized state is as shown in
Fig. 2(d). The gray colored regions observed at larger clipping fractions gives
the parameters ∆
′
and  for which the MSF is negative. Hence, the Chua’s cir-
cuit exhibits stable synchronized states for larger coupling strengths at higher90
values of clipping fraction.
The synchronization dynamics of coupled Chua’s circuit systems obtained for
the parameters α = 10, β = 14.87, γ = 0, a = −1.55 and b = −0.68 is pre-
sented in Fig. 3. The chaotic attractor obtained for these parameters presents
a greater symmetry as shown in Fig. 1(b). Under normal coupling, the coupled95
systems exhibit stable synchronized states in the range of the coupling strengths
1.36 ≤  ≤ 4.25. Figure 3(b) showing the variation of the MSF with clipping
fraction for the coupling strength fixed at  = 5 indicates a broader stable syn-
chronized region as compared to Fig. 2(b). Hence, it is evident that a greater
symmetry of the chaotic attractor promises synchronization at comparably lower100
clipping fractions, provided the coupling strength remains the same. The varia-
9
tion of MSF with coupling strength showing a broad stable synchronized region
in the range 1.19 ≤  ≤ 5.715 for a clipping fraction ∆′ = 0.8 is shown in Fig.
3(c). Figure 3(d) shows the two-parameter bifurcation diagram obtained in the
∆
′− plane giving the parameter region for the stable synchronized states. The105
gray colored regions shown in Fig. 3(d) obtained for the chaotic attractor of a
greater symmetry spreads over a broader range of clipping fraction as compared
to that of a lesser symmetry one shown in Fig. 2(d). Hence, a greater symmetry
of the chaotic attractor enhances stable synchronization of the coupled systems
over a broader region of clipping fraction.110
3.2. Rossler system
The dynamical equations of unidirectionally coupled Rossler systems [18]
subjected to transient uncoupling can be written as
x˙1 = y1 − z1, (10a)
y˙1 = x1 + ay1, (10b)
z˙1 = b+ (x1 − c)z1, (10c)
x˙2 = y2 − z2 + χA(x1 − x2), (10d)
y˙2 = x2 + ay2, (10e)
z˙2 = b+ (x2 − c)z2, (10f)
where the state variables x1, y1, z1 and x2, y2, z2 corresponds to the drive and115
the driven units, respectively. The driven system is coupled to the drive through
the x-variable and by the transient uncoupling factor χA. The chaotic attrac-
tors of the drive (red) and the driven (green) Rossler systems in the x1−y1 and
x2− y2 phase planes in the uncoupled state ( = 0) is as shown in Fig. 4(a) and
4(b) for the parameters a = 0.2, b = 0.2, c = 5.7 and a = 0.1, b = 0.1, c = 14,120
respectively. The point x2
∗ has been considered as the center of the chaotic
attractor and the clipping of phase space has been performed to a width of ∆
along the x-axis on either side of x2
∗ with a clipping width of 2∆. The MSF
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Figure 4: (Color Online) Chaotic attractors of the drive (red) and response systems (green)
in the x1 − y1 and x2 − y2 planes for the Rossler system under uncoupled state ( = 0) with
clipping of phase space of the response system through transient uncoupling. The coupling
strength  is active only within the clipped region 2∆. (a) Chaotic attractor obtained for
the parameters a = 0.2, b = 0.2, c = 5.7; (b) Chaotic attractor obtained for the parameters
a = 0.1, b = 0.1, c = 14.
of the coupled Rossler systems under normal coupling is as shown in Fig. 5(a).
The lower and upper bound for stable synchronization shown in Fig. 5(a) is125
given as 0.149 ≤  ≤ 4.56. The coupled system loses its synchronization sta-
bility for the coupling strengths  > 4.56. The MSF of the coupled system
under transient uncoupling as a function of the clipping fraction with the cou-
pling strength fixed at  = 5.0 is as shown in Fig. 5(b). From Fig. 5(b) it is
evident that for moderate values of clipping fraction the coupled systems exist130
in stable synchronized states even for the coupling strength  = 5.0. Figure 5(c)
shows the variation of the MSF as a function of the coupling strength for the
parameters x2
∗ = 1.2 and ∆
′
= 0.25. Hence, for a moderate clipping fraction
of ∆
′
= 0.25, the coupled system shows an enhanced stable synchronized state
in the range 0.286 ≤  ≤ 26.8. The two-parameter bifurcation diagram shown135
in Fig. 5(d) obtained in the ∆
′ −  plane gives the parameter regions for which
the coupled systems exist in the stable synchronized state. The gray colored
regions gives the parameters ∆
′
and  for which the MSF is negative.
The stability of coupled Rossler systems existing in the chaotic state shown
11
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Figure 5: (Color Online) Stability of synchronization in coupled Rossler systems for the
parameters a = 0.2, b = 0.2, c = 5.7. (a) MSF of the Rossler system obtained without
transient uncoupling. The coupled system exists in stable synchronized states in the region
0.149 ≤  ≤ 4.56; (b) MSF as a function of the clipping fraction ∆′ for  = 5 indicating
the stable synchronized states for moderate clipping and unsynchronized states for lower and
higher clipping fractions; (c) MSF as a function of the coupling parameter under transient
uncoupling obtained with x2∗ = 1.2 and ∆
′
= 0.25. Enhancement of stable synchronized
states represented by the larger negative valued regions of MSF in the range 0.286 ≤  ≤ 26.8;
(d) Two-parameter bifurcation diagram in the ∆
′ −  plane indicating the parameter regions
for stable synchronized states (gray color).
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Figure 6: (Color Online) Stability of synchronization in coupled Rossler systems for the
parameters a = 0.1, b = 0.1, c = 14. (a) MSF of the Rossler system obtained without transient
uncoupling. The coupled system exists in stable synchronized states in the region 0.142 ≤
 ≤ 10.63; (b) MSF as a function of the clipping fraction ∆′ for  = 20 indicating the
stable synchronized states for moderate clipping and unsynchronized states for lower and
higher clipping fractions; (c) MSF as a function of the coupling parameter under transient
uncoupling obtained with x2∗ = 1.325 and ∆
′
= 0.25. Enhancement of stable synchronized
states represented by the larger negative valued regions of MSF in the range 0.307 ≤  ≤ 27.95;
(d) Two-parameter bifurcation diagram in the ∆
′− parameter plane indicating the parameter
regions for stable synchronized states (gray color).
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in Fig. 4(b) obtained for the system parameters a = 0.1, b = 0.1, c = 14 has140
been studied in a similar way explained above. The MSF of the coupled system
under normal coupling shown in Fig. 6(a) indicates the existence of the system
in stable synchronized states for the values of coupling strength in the range
0.142 ≤  ≤ 10.63. Figure 6(b) showing the variation of the MSF with the
clipping fraction ∆
′
for a fixed value of the coupling strength  = 20 indicates145
greater stable synchronized states for moderate clipping fractions. The variation
of the MSF as a function of the coupling strength for the parameters x2
∗ = 1.325
and ∆
′
= 0.25 is as shown in Fig. 6(c). From Fig. 6(c) it is observed that under
moderate values of clipping the coupled systems exist in stable synchronized
states for larger values of coupling strength. The two-parameter bifurcation150
diagram shown in Fig. 6(d) gives the parameters ∆
′
and  for which the MSF
is negative (gray colored region).
4. Conclusion
In this paper we have presented the stability of the induced synchronized155
states observed in unidirectionally coupled chaotic systems subjected to tran-
sient uncoupling. Two prominent chaotic systems namely, the Chua’s circuit
and the Rossler systems, are studied for the induced synchronization phe-
nomenon obtained through transient uncoupling. The introduction of transient
uncoupling greatly enhances the stability of the stable synchronized states. In160
particular, the upper bound for synchronization has been pushed to greater val-
ues of coupling strength marking the enhancement of stable synchronized states.
Hence, the coupled systems persist in the synchronized state for greater values
of coupling strength than that under normal or standard coupling. The prolif-
eration of the negative eigenvalue regions of the state variable corresponding to165
the clipped direction has been identified as a factor inducing synchronization of
the coupled systems. Further, it is observed that an attractor with a greater
symmetry exhibits enhanced stable synchronized states over a larger range of
14
clipping fractions than the attractor with a smaller symmetry. Hence, the sym-
metry of the chaotic attractor plays an important role in the enhancement of170
stable synchronized states under transient uncoupling for higher values of cou-
pling strengths. The enhancement of stability of the synchronized states is of
greater importance in studying the collective dynamics of these systems in large
networks and also for the application of these systems for secure transmission
of information.175
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